This paper studies isometric embeddings of RP n via non-degenerate symmetric bilinear maps. The main result shows the infimum dimension of target Euclidean spaces among these constructions for RP n is 1 2 n(n + 3). Next, we construct Veronese maps by induction, which realize the infimum. Finally, we give a simple proof of Rigidity Theorem of Veronese maps.
Introduction
m is called a non-degenerate symmetric bilinear map (NSBM), if it satisfies the following conditions:
1. Non-degenerate: If f (x, y) = 0, then x = 0 or y = 0. 2. Symmetric: f (x, y) = f (y, x), for x, y ∈ R n+1 .
3. Linear: f (ax + by, z) = af (x, z) + bf (y, z), for x, y, z ∈ R n+1 and a, b ∈ R.
It can be very easily checked that the induced map Φ by Φ[x] = f | S n (r) (x, x) for a positive r is an embedding of RP n into R m . Naturally, how about if we consider the situation that RP n is equipped with the metric ("isometric" is always used for this metric in followings) given by S n (r) → R n+1 with standard Euclidean metric. 1 What is the infimum dimension L(n) of target Euclidean spaces among these isometric constructions for RP n ?
Main Result. 
Approach to main result
For the celebrated Veronese maps are isometric embeddings from RP n (
. So the rest part is only to show L(n)
. In order to do this, we need to get some algebraic information from isometry and a corresponding lemma, which plays a crucial role in the proof.
)) with |b| = 1 and let π stand for the standard double cover from S n to RP n . Then the
Thus if Φ is isometric, we must have:
which is equivalent to
m is an NSBM and satisfies (2.1), then we have
considering two sides of which elements in ring K [5] ), which means (g, X, Y ) = 1 in H , and hence we can find a, b ∈ K and non-zero
Obviously, there exists a non-zero s ∈ R, s. (x 1 , . . . , x n , y 1 , . . . , y n ) ∈ R 2n , we can take
Then x, y = 0, and by hypothesis we have g| X=x, Y =y = 0. Hencec is zero, which is a contradiction! 2
Now, we can achieve a proof of Main Result as follows:
From the above analysis and lemma, we have (2.2). Meanwhile, l( X, Y ) is a polynomial of degree two or the element zero (only possible when n = 1) with the property
where A( f ), a numerical (n + 1) × (n + 1) symmetric matrix, depends on f . Of course, we can do standardizing. (λ 1 , . . . , λ n+1 ). Because we concentrate on dimensions, without loss of generalization, it is enough for us to consider f with A( f ) of the form diag(λ 1 , . . . , λ n+1 ), i.e.
Therefore, the diagonal vectors form a space perpendicular to the one spanned by the non-diagonal, and meanwhile
Finally, we get
Construction of Veronese maps
Veronese maps are (isometric) minimal immersions from n-dimension sphere with sectional curvature (1) . In this paper, we only discuss a construction of Veronese maps via polynomials of degree two (in fact, such ones are λ 2 -eigenmaps between spheres). From (2.3), we observe that the induced map from isometric f will be one map between spheres iff A( f ) = λ · I and fortunately, on the complex plane,
Hence the key point of construction is how to raise the source dimension.
Inspired by [6] , if one has an NSBM F n : R n+1 × R n+1 → R m , for n 1, with
we construct 
